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. Abstract We describe (in a representation theoretic setting) a simple comparison of trace 

. formulas, which implies that the conjugate of a Hilbert modular form / by an automorphism 

of C again is a Hilbert modular form of the same level and conjugate weight as /. This is a 
Theorem of Shimura for which we obtain a new proof (cf. Theorem 3.3 and Corollary 3.4). 



H 

^ ' Introduction 

^ . 0.1. Let / denote a Hilbert modular form of even weight k. The conjugate f oi f 

+^ I by an automorphism o" of C is obtained by applying a to the coefficients of the Fourier 

expansion of /. Thus, f is a holomorphic mapping and Shimura's Theorem states that 
"^f again is a Hilbert modular form of conjugate weight '^k (cf. [Sh]). A different proof 
of Shimura's Theorem has been given by Garrett and is described in his book [G]. We 
note that in the generality of GL„ Clozel has proven a representation theoretic analogoue 

■ of Shimura's Theorem for algebraic automorphic representations, which satisfy a certain 
regularity condition (cf. [C]). 

I In this article we describe in the case of GL2 over totally real fields a comparison of trace 

■ formulas, which implies that conjugation by automorphisms of C preserves the automorphic 
. property. We use a representation theoretic formulation. To be more precise, we let 



> 



be a totally real extension with adele ring A. We denote by L^^gp(k) the space of (adelic) 
Hilbert cusp forms on GL2(A) of weight k = {kv)y\^. L^^gp(k) is a module under the Hecke 
algebra 'Hf oi GL2(Aj) and we denote by n(k) is the set of all irreducible representations 
^ \ of Tif, which appear in L^^gp(k) (in the main part we will also fix a nebentype io and a 

level K). Now, if the a-conjugate of any Hilbert cusp form again is a Hilbert cusp form of 
conjugate weight '^k = (A:o--i(^))d^ then conjugation of abstract representations vr H- '^vr 
(cf. section 2.1 for the definition) defines a map 

(0.1) a : n(k) ^ HC^k). 

Explicitly, this means that if vr is the finite part of a cuspidal representation, whose 
archimedean component has Aoo-type given by k then °'tt is the finite part of a cuspi- 
dal representation whose archimedean component has Aoo-type given by "^k. Our aim is to 
establish the existence of the map (0.1) by a comparison of trace formulas. To this end we 
define a corresponding (dual) map on the Hecke algebra 
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by simply setting '^ip{x) = a{ip{x)). The following result then connects conjugation of 
automorphic representations to the trace formula. 

Proposition 0.1. (cf. Proposition 2.1) Let a G Aut(C/Q). If for any (p EHf 

(0-2) f^tr(/p|i2^^^(k) =tr^(^|i2^^^(.k) 

then conjugation defines a map 

a : n(k) nC'k). 

Comparing trace formulas for ip in weight k and for "^(p in weight '^k we verify under a 
certain algebraicity condition that the trace identity (0.2) holds. Thus, we obtain a proof 
of Shimura's Theorem (cf. Theorem 3.3 and Corollary 3.4). 

0.2. We add some Remarks. 1.) The trace formula is some kind of universal principle 

for proving the existence of maps between sets of automorphic representations. In this 
sense it is natural to try to prove Shimura's Theorem by cstabUshing the existence of (0.1) 
via a comparison of trace formulas. 2.) The proofs of Shimura and Clozel make use of 
a Q-structure on a certain space which contains the Hecke module of automorphic cusp 
forms: Shimura uses the Q-structure given by the g-expansion, Clozel uses the Q-structure 
on deRham cohomology given by singular cohomology via the deRham isomorphism. In 
our proof we use a different Q-structure: it is defined on the space of all mappings from 
GL2(Aj) to C by the subspace of mappings, which are Q-valucd (cf. equation (0.2)). 3.) 
The proof of equation (0.2) reduces to showing the algebraicity of the local archimedean 
distributions appearing on the geometric side of trace formula (cf. Lemma 2.2 and Corollary 
3.6). In the case of GL2 this would have been possible using explicit calculations. Instead 
we will use general principles from harmonic analysis based on [Ca]. We hope that in this 
way the proof will generalize to higher rank groups as Sp^^. The trace formula may be seen 
here as a device which converts the local considerations about archimedean orbital integrals 
into global existence statements about Hilbert cusp forms. We note that the Multiplicity 
1 Theorem enables to use a simple trace formula. Nevertheless it may be interesting to 
examine the algebraicity of all the distributions appearing in geometric side of the Selberg 
trace formula. We discuss this briefly in section 3.3 

0.3. In section 1, for convenience, we review some well known facts about Hilbert modular 
forms and representations of GL2. In section 2 we prove Proposition 0.1. In fact we prove 
a slightly stronger result (cf. Proposition 2.1), which will enable us in section 3 to verify 
(0.2) by using a simple trace formula. 

1 Hilbert modular forms. 

1.1. Notations. We fix a totally real number field F/Q with Galois group G — Gal(F/Q). 
We denote by O the integers of F and by A its ring of adclcs. By a place v of F wc understand 
an equivalence class of valuations | • | : F — > M and we denote by Soo the set of archimedean 
places of F and hy iy : F ^ Fy the completion of F at the place v. Q acts on the places 
of F: if V is represented by the valuation | • | then tv is the place, which is represented by 
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I • I o r, r € ^. We fix an archimedean place vq; the elements in Soo then are given as tvq, 
T & G, where the tvq are pairwise different. We note that t E Q extends to a morphism 
T : -J- F^-iy. 

We denote by j the isomorphism j : Fy^ = M; for any r E Q we obtain a commutative 
diagram 

R 



j t 




F 


F 

^ TVO 




T ^TVO 


F 


F. 



We set G = GL2/F and we denote by Z/F the center of G. For any place v we set 
Gy = G{Fy) and Zy = Z{Fy) and if v is archimedean we denote by Z^ the connected 
component of 1 of Z„. Wc set Goo = rTugSoo ~ riueSoo Similarly, we denote 

by Z2 the center of GL2(M), by Z2 its connected component containing 1. 
The morphisms j, iy and t e Q extend to G{Fy^^), G{F) and G{Fy) by applying them to the 
entries of a matrix and we obtain a diagram 

GL2(M) 
j t 

(1.0) G{Fy,) G{F,y,) 

'i'VO T T ^TVO 

G{F) G{F). 

We will use the following identifications: we identify any 7 G G{F) with its image jiy^ (7) 
in GL2(IR) and we identify G{Ftvo) with GL2(M) via the map j o r. The commutativity of 

(1.0) shows that under these identifications 

(1.1) V.o(7) = T(7)eGL2(M) 

for all 7 e G{F). We identify G{Fy )/Z^ = GL2(M)/Z^ = SL2(M)^ (matrices of determinant 
±1) by sending 7 G SL2(M)=^ to -jZ^ G GL2(M)/Z^. Finally, under these identifications, to 
any function ip : GL2(M) C and any place v = tvq corresponds the function 

(1.2) <fy = ^0j0T: G{Fy)^C. 

We fix a character ui : F*\A* —7. C* and a compact open subgroup K = Y\y^g^ Ky < 
Yly^S^infty^i^'")- finite place v we denote by Tiy^LOy, Ky) the local Hecke algebra 

consisting of all iC^-bi-invariant functions, which are compactly supported modulo center 
and have central character cOy^, i.e. (p{zx) = uiy^{z)(p{x) for all z G Z{Fy). Thus, we have to 
assume that Z[Fy)r\Ky < ker 0;^,, which we can always achieve by intersecting Ky with a suf- 
ficiently small principal congruence subgroup. At archimedean places we denote by Tiy^LOy) 
the set of all compactly supported modulo center, smooth functions on G{Fy) having cen- 
tral character uj~^. We also set 'Hf{ojf,K) = ^v]^Tiv{ojy, Ky) and ^00(^00) = ®v\ooT^vi'^v) ■ 
We further denote by ^(GL2(M),a;K) the Hecke algebra consisting of functions, which are 
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smooth and compactly supported modulo center and have central character uj^^; we use 
a similar notation for the group SL2(M)^. If {tt,V) is any representation of G{Af) with 
central character ojj we obtain a corresponding representation (tt, V^) of the Hecke algebra 
'Hf{uif,K) by setting 

7r(v?) = / ifig) TT{g) dg 

JG{Af)/Z{Af) 

for any Lp € T-Lflcof, K). An analogous statement holds for representations of G{Fy) having 
central character uj^. Wc use the following notation: if 7 is contained in a group G, then 
we denote by ^(7) the ccntralizcr of 7 in G. 

Remark. Let v = tvq, t € Q, he any archimedean place. Using the above identifications 
we have for any compactly supported function ip on GL2(M) and any 7 G G{F) 

/ (f{x~^T{'y)x) dx = / (py{x~^iv{'y)x) dx 

JgU (M) (r (7))\GL2(R) JG(F^){i^ (7))\G(F„ ) 

Proof. We calculate using the map j or and the commutativity of (1.0) in the last step 

/ ip{x-^jiyo{'^)x)dx = / ip{jT{x)-^jiy^{-f)jT{x))dx 

JgL2 (M) {jivo (7))\GL2 (R) iG(F„ ) (r- 1 i^^ (7))\G(F„ ) 

(f o j o T{x''^T~^iyg (7)x) dx 



iG(^„)(r-ii„o(7))\G , 

= / ipy{x~^irvo'''~^{l)x)dx. 

^G(F„)(i™r-i(7))\G(F„) 



Taking into account our identification of 7 G G{F) with its image jivoil) < GL2(M) and 
replacing t~^{'j) G by 7 G G{F) we obtain the claim of the Remark. 

1.2. Projectors in the Hecke algebra. We denote by Sn '■ S02(M) C* the character 
which sends 

cos 6 sin B\ ^^e 



e(e) = 7, r^]^ 

^ ' * — sm6 cos 6y' 



We let (-Dfe, Wfe) be the irreducible discrete series representation of SL2(M) of lowest weight 
^hi k>2\ thus, Dk has central character sgn'^ : l) ^~^)^ ■ {Lk,Vk) be 

the irreducible algebraic representation of SL2 of highest weight 



x 



-1 



x 



k > 0, with respect to the torus T2 of diagonal matrices in SL2, i.e. Lj^ has highest weight 
k^, where 7 is the fundamental weight of sh corresponding to the Borel subalgebra of 
upper triangular matrices. Lj. induces representations of SL2(C) and SL2(M). Moreover, 
1 

1 

since Lj,^ ^ = the representation extends to a representation of SL2( 
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Lemma 1.1. There is (pk € H(sgn'^, SL2(M)='=) such that 

tr7r((/5fc) = tr / ipk{g) 7r{g) dg = 

^SL2(M)±/{±1} 

if TT is an irreducible representation of the principal series, or tt = D„ with n ^ k or 'k = Ly, 
with n k — 2 and 

More precisely, Dk{^k) leaves the 6n-isotypical components Wk{Sn) < Wk invariant and 



tl Dk{ipk)\Wk(5n) 



1 if n = k 
if k> n. 



Proof. We follow the argument given in [Ca], p. 149/150 in the case k = 2 and G = PSL2, 
which we extend to the case k > 2 and GL2. We first let A; > 0. Cartan decomposition 
implies that there is a compactly supported function fk : SL2(M) C such that 

/fc(e(ei)<7e(e2)) = 4(ei)(5fe(G2) 

for all g £ SL2(M). We note that this implies that 



A(( ^ _i)) = (-!)'> 



i.e. fk G 'H(sgn^, SL2(M)). fk vanishes on all 5„-isotypical components with n ^ k and 
leaves the Jfc-isotypical component of any representation invariant. Moreover, if we choose 
the support of fk sufficiently close to S02(M) and suitably normalize fk, we obtain 

Dk{fk)\wk{Sk) = ifl- 

We set gk = fk-fk-2, k>2. Since !)„ = 0^ Dn{6m), where m = ±n, ±(n+2), ±(n+4), . . . 
we obtain 

, , , . ( if IT = Dn with n^k 

(1-3) t.n{gk) = ^ ^ ^^^^ 

More precisely, we obtain 

(1-3') trL>fe(5fc)|^^(5„) = I J ![ 

As in [loc. cit.] we choose a compactly supported S02(IR)-bi-invariant function hk on SL2(M) 
such that the Harish-Chandra transform H^^ of hk equals the Harish-Chandra transform 
Hg^, of gk- We set fk = 9k — hk, hence H^^, = 0. Since no discrete series representation has 
trivial S02(IR)-types, equation (1.3) and (1.3') remain valid for ipk (note that h^ is S02(IR) 
bi-invariant) . On the other hand for any principal series representation tt^ of SL2(M) we 
have 

(1.4) ti7T^{fk)= f H^,{t)x{t)dt = 0. 

JT2{R) 
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The exact sequence 

^ L„_2 ^ Ind(l • I . |-(-i)/2sgn") -> Z)„ ^ 

together with the vanishing of tr7r(</5jt) for representations tt of the principal series and 
equation (1.3) shows that 



(1.5) trL„((y9fc) 



-1 if n = fc-2 
else. 



Thus, altogether, (^^ satisfies the requirements of the Lemma, except that it is contained in 
the Hecke algebra of SL2(M). We extend tp^ to a function on SL2(M)^ by setting it equal 
to on the connected component SL2(M)~. Equations (1.3), (1-3'), (1.4), (1.5), then imply 
that satisfies the requested properties. Thus, the proof of the Lemma is complete. 

We extend Lemma 1.1 to GL2. This will involve an algebraicity condition. For any pair 
of integers k,w £ Z with k > 2 wc denote by iDk^.u,,Wk^w) the irreducible discrete series 
representation of GL2(M), which has lowest S02(M)-type dk and whose central character 

ujDkw when restricted to the connected component Z2 is given by x'^ : ^ ^ 

Thus, Dk,w is a quotient of Ind(| • 1^"''^^"'^''^, | • |TO*^^''^^"'^''^sgn*^). We note that the central 
character satisfies 



(1-6) u;D,J-l) = i-l 



ifc 



hence, ojo^.^. and therefore -Dj-.u; is uniquely determined by k and w and any discrete sc- 
ries representation is isomorphic to a representation Dfc^u,. We assume that the following 
algebraicity condition holds 

{Alg^x^) k = w (mod 2) 

This has the following two consequences: 

1. -Dfe,u, has algebraic central character 

(1.7) x"' : ^ x"" {x € M*). 

2. D};^yj fits in an exact sequence 

^ ^ Ind(| • 1 • |(^'=+i+-)/2sgn^) D^,^ ^ 0. 

where now Lk^2,w is an algebraic representation of GL2. More precisely, (i^fe,«,, V^^^) is the 
finite dimensional, algebraic irreducible representation of GL2 of highest weight ^ ^ 

We denote by (pk,w the image of (pk under the canonical isomorphism ?^(SL2(M)^, sgn'^) = 
H(GL2(M),x"'). ' 
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Corollary 1.2. Assume that (Alg^) holds. Let tt be an irreducible representation of 
GL2(K), whose central character satisfies ^^^(['^ \) = x^. Then 



X 



trTT{(pk,w) = tic / (Pk,wi9) T^ig) dg 

JGho(R)/Zo 



GL2(IR)/Z2 

if IT is an irreducible representation of the principal series, or w = Dn,w with n ^ k or 
TT = Ln^w with n ^ k — 2 and 

[ -1 It TT = Lk_2,w 

More precisely, we have 

I 1 if k fh 

tr Dk,yj{(pk,w)\wk,y,{Sn) = I if n>k. 

The Corollary is an immediate consequence of Lemma 1.1. We note that the integration is 

well defined because {Alg^o) implies that (fk^^w has central character x~'^. 

1.3. Hilbert modular forms. We fix a compact subgroup K = Yl^^g^ < 

\{,^^Soo ^i^v), a character u : F*\A* C* and weight k = {kt,)vGS^, K ^ K > 2. 
Since oj is an idele class character there is an integer w ^TL such that 

(1.8) = 

for all V G 5oo and x E F*. We denote by L'^{u}) the discrete part of the spectrum of 
the G(A)-module L^(G(F)\G(A), w), which consists of square integrablc functions having 
central character oj and Lq{(jj) < L'^iu) is the subspace of cusp forms. We set -Dk,w) = 
'^veSoo-^kv,w, where we view Dk^^w as a representation of G{Fy) via the identifications in 
section 1.1, and = ®v&Soo^kv'i thus, £^k,M! resp. 5k is a representation of Goo resp. of 
S02,oo = n^eSoo S02(M). We then define 

(7r,V^)<L2(„) 

Thus, L'q{uj, k) is the space of adelic Hilbert modular forms of weight k and central character 
bj. LQ(a;,k) is a G(A^)-module and the subspace of if-invariant vectors LQ(a;,k)^ is a 
"H/ (c<J f , i<')-module. 

Remark. Since Dk^^w has central character satisfying a;£)j.^^(— 1) = (—1)*^" (cf. (1.6)) we 
see that LQ(a;,k)^ is the empty sum unless 

(1.9) a;,(-l) = (-1)^=" 

for all V G 5oo. Prom now on we shall always assume that this holds. 
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1.4. Algebraic Hilbert modular forms. From now on we shall always assume that 
the weight k and the character uj satisfy the following algebraicity condition: 

{Alg) ky = w (mod 2) for all v G ^oo- 

(cf equation (Algoo)). We note that condition (Alg) is the algebraicity condition of [C], 
Definition 1.8 in the special case of GL2/F. Condition (Alg) together with equations (1.8) 
and (1.9) imply that 

(1.10) UJy{x) = X"" 

for all V G Soo, x E F*. In particular, lu is an algebraic character. Finally, we denote by 

nk(a;,X) 

the set of all representations vr/ of G{Af ) such that tt^ appears in Lq(uj, k)^ . I.e. nk(a;, K) 
consists of the finite parts of cuspidal automorphic representations of G{A), whose infinity 
component has S02(K)-type S^. Using equation (1.2) we define the following element (cf 
equation (1.10)): 

Corollary 1.3. For all (p G 'Hf{K) we have 

tr</'lL2(^,k) =tr¥'(8)<^k,«,|L2(^)- 

2 Conjugation and Trace. 

2.1. Conjugation of representations. For the moment {tt^W) denotes any represen- 
tation of G{Af) or of G{Fy). For any a G Aut(C/Q) we define the conjugate representation 
{'^TTj'^W) as follows. First, we define the C- vector space "W: we set '^W = W as abclian 
groups and using the scalar multiplication " on W we define a scalar multiplication " 
on '^W as a -a V = a~^{a)v for all a G C and v G '^W. Wc then define a representation "^tt 
on '^W by setting '^n{g){v) = TT{g){v) for all g G G{Af) or 5 G G{Fy) and v G ^W. The cor- 
responding representation of the Hcckc algebra is given by '^7r{ip)v = / {ip{g)) 'iT{g)v dg. 
In this section we want to show that conjugation of representations preserves the automor- 
phic property; more precisely, conjugation tt/ 1-^ '^tt/ defines a map 

(2.1) nk(a;,K)^n.k(Vi^)- 

For any a G Aut(C/Q) we define a conjugation map on Hecke algebras: 

a: 'Hy{UJy,Ky) 'Hy{'^UJy,Ky) 

where {a{(p)){x) = a{ip{x)). Quite analogous we define a map 
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by sending ^v^Soofv to ^v^Soo^ifv)- We note an easy property. Let v eV. We denote by 

AnnT,{v) = {(f G 7iviiOv,K^) {lesp.ip G 'Hf{ujf,K)) : tt{<p){v) = 0} 

the annihilator of v in Hvi^Jv, ^v) (resp. in 7if{L0f,K)). Let ip be in the Hecke algebra of 
G{Af) (resp. of G(F^)); since 

'^7ri^)iv)=7r{a-\<p)){v) 
for all V G = W, we obtain for all v 
(2.2) Ann^TT v = a{Ami^ v). 

2.2. The Trace identity. We fix a compact open subgroup K = Yl^^g^ Ky < 
Wy^Soo ^(^«) ^^'^ ^ character uj : F*\A* C*. For any finite place u we fix a com- 
pact open subgroup K^^^^w < and an element b^j eii G '?{^(a;^, -fC^^eii) as follows. We 
denote by G(F„)eii the set of i^^y-elliptic elements in G{Eu). Lemma 7.2 (iii) in [J-L] implies 
that G(F„)cii < G{Fy) and, hence, n G(Ft,)eii < Ky is an open subgroup. We select 
an (elliptic) element f3y e Ky n G{Fy)eii; Ky n G(F^)eii then contains a neighbourhood 
PyKy ^eii of Py, where Ky ^^n < Ky fl G(-F^)eii is an open group. Shrinking Ky^eW (intersect 
with principal congruence subgroups) we may assume that zk = k' where z G Z{Fy) and 
k,k' G Ky^eiil^vKy^eh implies that z G kerw^ (to sec this write Ky^enPvKy,cii = Ky/3y, where 
l^y = PvKy^ewf^v^ then is a subgroup of the principal congruence subgroup of level p^). We 
define the function b^^eii on G{Fy) by 

, / N / Z{Fy)Ky^ell/3vKy^ell 

""'^''^■^^ \ coyiz)-^ x = zke Z{Fy) ■ Ky,^nl3yKy,^n. 
It is easy to see that b^j^eii is well defined and that 

bt,,ell £ T^v{^v,Ky^cll)- 

For any finite place u we set K^y^j = Yly^g^ Ky x -fr^^eii ^ Moreover, we set 
T-i-iuji^f, K) = ®y\^^y^uH-y{uy,Ky) ® hy^eVi aud 

Heii(u;/,K)= U '^{u}{^f^K) cnf{u^f,K). 
We define the conjugate of the weight k = {ky)y^Soo by 

Proposition 2.1. Let a G Aut(C/Q). Assume that for all ip G Heii{oJf,K) 

(2-3) <^tryj|L2(a;,k) =tr^<^lL2(a^ak)- 

Then, conjugation by a E Aut(C/Q) defines a map 

nk(cj,K) ^ n.k("c^,i^) 
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Thus, if TT is the finite part of a cuspidal automorphic representation of G(A), which has 
S02(M)-type given by k then '^ir is the finite part of a cuspidal automorphic representation 
of G(A), which has S02(M)-type given by k. We deduce the Proposition from the following 

Lemma 2.2. Let a G Aut(C/Q) and fix an arbitrary finite place u. Assume that for all 
if € 7i^uj{u}f, K) we have 

Then, for any it G Ilk{co,K) there is a representation tt' = ir'^^y G Il<jys^{^uj, K^y^y) such that 
'^TTy = TTy for all finite places v ^ u. 

Note that tt' is allowed to have smaller level than vr. 

Proof of Lemma 2.2. We set Hv = %v{^v^ Ky), v ^ u. We write 

nk(a;, = {(tti, Fi) © ... (7r„, 

and 

We denote by vi^^ G Vi^^ rcsp. i;' ^ G 1^'^ the essential vector, hence, V^^ = 'HvVi,v and 
iyly)^'" = T-Lvv[ y for all v ^ because tTj and tt^ are irreducible. We set 

^i,v = Ann7r,_„(vj,^) and o-^^ = Ann^/^^(u^_^) 

and obtain for all ^ u 

(2.4) y.J" ^ ny/a,,y and (F/J^^ - Hja'.^y. 

as ^^-modules. Let (tt, V) G nk(w, -fC) and assume there is no tt' = n'^^y G IlCTkC^w, K) such 
that 7r(, = '^TTy for all v ^ u. Without loss of generality we may assume that (vr, V) = (vri, Vi) 
and we set = ai,^. Since the representations tti, . . . , 7r„ are pairwise non- isomorphic, there 

is for any i > 2 a place vi ^ u such that vTt,. ^ VTj^^,.. Since the local representations vrj^^,- are 

irreducible and J,^ ^ we know that vr^^ — VTj j,^ precisely if tt^."' = tt^ J' as "H^^ -module. 
In particular, using equation (2.4) we obtain for alH > 2 that 

Since a^. , Oj t,. < T-L^. are maximal ideals, the Chinese Remainder Theorem implies that for 
alH > 2 there is fi^vi £ T^vi such that 

^Pi^y^ = 1 (mod o„.) and ipi^y^ = (mod a^,^.). 

Hence, for alH = 2, . . . , n we know that 

(2-5) TTvi i<Pi,vi ) = id and TTj,^, {(pi^y^ ) = O k,. . 

On the other hand, our assumption implies that "'n is not isomorphic to any representation 
TT^, hence for any i > I there is a place v[ ^ u such that tt^/ ^ As above we see 

that for alH = 1, . . . , m there is ipiy G T-Lyi, such that 

(2.6) ■Ky> {^i^y,) = iA K^, and 'tt^ ,) (^ ) = k^, . 
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We then define the element 

n m 

V = ^ 'Pi,v, ® ^i,v'^ ® b„,ell G 'H{u}{iOf, K). 

i=2 i=l 

The choice of the local components of </? implies 

• Equation (2.5) implies that 7ri((^) = for alH > 2 

• Equation (2.6) implies that (^j ^/ G Ann^-i^, w^^, , hence, equation (2.2) shows that 
"(fiy e (7(Ann^-i^, Kv') = Ann^/ v'.^,. We thus obtain 

' t * 

TT^V) = 0. 

for alH > 1. 

• Using equations (2.5) and (2.6) we see that 

7r((^) = id^^{.} • 

Altogether we have shown that 

tr^lLg(k,a;)^ =dimF^W and ti''ip\q^a^ai^)K = 0. 
This contradicts our assumption and the Lemma is proven. 

Proof of Proposition 2.1. Let tt G Il-k{uj,K). We choose pairwise distinct places 
u, w. Lemma 2.2 implies that there are representations Tr[ = T^'^y^y resp. iri^ = ^r^^j. in 

Ila-^C^io, K^^-j) resp. IIit]^^^^, K^^y) such that 

1. TTf 1 = "'tt,, for all i; 7^ u and vr'r i = '^tt,, for all v ^ w. 

2. 7r^„^^^"> / and vr;^^^^»> / 0. 

The multiplicity 1 Theorem implies that vr^^i = T^'^^y Hence, 7r{„}. = tt and 7r|^j 7^ 0. Thus, 
7?!^!^ G nakC^,^,!^) is the looked for representation. 

3 Algebraicity of Distributions. 

3.1. The Comparison. We compare simple trace formulas for ip G T-Lf{iJf,K) and 
'^ip € Hfi^oj f,K) to show that equation (2.3) holds. We note that this will imply our main 
result on conjugation of Hilbert modular forms (cf. Theorem 3.3 and Corollary 3.4 below). 
As before, we fix a level K = Ylv^Soo - H^^s^ G{Ov) and a character uj : F*\A* C* 
and we assume that condition (Alg) holds. Moreover, we set G = GL2/Z and we denote by 
Gp^eii the set of F-clliptic elements in G{F). 

Proposition 3.1. For any (p G HeiiioJfjK) and any a G Aut(C/Q) we have 
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Proof. We define the following distributions on (a;/, if): for any (p e 'Hf{ojf, K) we set 

Je,k,«)(¥') = meas G(F)\G(A) 

and 

Jg{f)\g{a) Jf" 

where (^k,«; is defined in section 1.4. Let € 'Heni'^f,^)- For at least one finite place u we 
know that (pu = b^^eii- Since the local hyperbolic orbital integrals vanish for b„^eii ^ well 
as for ipk^, V G S^o, the simple trace formula (cf. [G-J], Theorem 7.21, p. 245) yields 

tr (p<Siipk,w\Ll{^) = Je,k,u>(</') + Jell,k,«)M- 

The discrete spectrum decomposes L^(c<j,k) = L^(ciJ,k) © L^pg(tJ,k), where L^(,g(c(j,k) 
vanishes unless k = 2 = (2,..., 2) and L^gs(a;,2) = ®^2=^x°det. Since ^2,w has 
non-trivial S02(M)-type 62 we know that the operator x ° <i^^{V2,w) vanishes, hence, 
tr (g) 'P2,w\l%^{(jj,2) = 0- Together with Corollary 1.3 we obtain 

^^^\Ll{uj,k) =^^y=>^'Pk,w\Ll{uj) = tr(^(2)V9k,«;|L2(a;) = Je,k,u,M + Jell,k,t<;M- 

Thus, the Propsition follows from the following Lemma, which completes the proof. 
Lemma 3.2. The distributions Je,k,u; and J en,]s.,w are algebraic, i.e. 

for all cp e Hf{ojf,K) and all a G Aut(C/Q). 

We will give the proof of Lemma 3.2 in section 3.2. Proposition 2.1 and Proposition 3.1 
imply our final result. 

Theorem 3.3. Let u : F*\A* — >■ C* be an idele class character and let k = {kv)veSoo ^ 
weight such that (Alg) holds. Then conjugation by a & Aut(C/Q) defines a map 

a : nk(a;,if) -)-n.krw,if). 

In different words, ifiTf is the finite part of a cuspidal automorphic representation o/GL2(A) 
with central character to and of lowest S02,oo-^2/pe ^k, then, for any a G Aut(C/Q), ^7ry is 
the finite part of a cuspidal representation with central character '^u and lowest S02,oo-^ype 

Corollary 3.4. Any cuspidal representation tt G nk(cj, K) is defined over a finite exten- 
sion E/Q. 

Proof. We denote by ^k,aj the set of all cr G ^ satisfying '^k = k and '^ui = u. Since the 
orbits ^k and Qoj are obviously finite we know that [Q : ^k,a;] < co. Let vr G Il\^{ijj,K). 
Theorem 3.3 implies that '^vr G Ureg/Sk -nTk(^w,i^) for all a G Aut(C/Q). The union 
on the right hand side is a finite set, hence, the orbit Qtt is finite and we deduce that the 
stabilizer Qt^ of tt has finite index in Q. Since tt is defined over the subfield E of C, which 
is invariant under (cf. [W] or [C], Proposition 3.1) this proves the Corollary. 
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3.2. Proof of Lemma 3.2: Algebraicity of Jeii,k,w) and 3e,k,w In this section we prove 
Lemma 3.2. The essential step will be to show that the local archimedean orbital integrals 
attached to <^k,u) are algebraic (cf. Lemma 3.4 below). To prove this, we use a transfer of 
orbital integrals from the group G = GL2 to the compact form G' = SU2(C). This is the 
method of [Ca] in the case PSL2 and weight k = 2, which we extend to the simply connected 
case and arbitrary weight k > 2. We start by defining the local orbital integrals. We denote 
by dx a Haar measure on GL2(M) or on SL2(M) such that measS02(M) = 1. We set 



r' = {^" , aeC,aa = l}^S^. 



Thus, T' is a maximal torus in G' and we choose Haar measures d'g resp. d't on G' resp. 
on T' such that measG' = measT' = 1. Let Q denote one of the groups G = SL2(M) or G' 
Let t £ Q he a regular element and denote by ^(7) < G the centralizer of 7 in Q; for any 
function ip on Q we define the orbital integral 



Og{(p,t) = / (p{x ^tx)dx. 
JG{i)\g 

Moreover, for any x £ Q we set 



where a, (5 are the eigenvalues of x. Finally, we denote by 

chfc,^ : GL2(C) ^ C 

the character of the finite dimensional irreducible representation (Lk^w, yk,w) of GL2(C) (cf. 
section 1.2). We denote by ch^ the restriction of ch^ to SL2(C), hence, ch^ is the character 
of Lfe, which is the restriction of L^^yj to SL2(C). 

Lemma 3.5. Let 7 G GL2(M). If j is R-hyperbolic or det^ < then 

(Pk,w{x~^ix)dx = 0. 



Ig] 



'GL2(R)(7)\GL2( 

7/7 is "^-elliptic and det7 > then 



\ I ^k,w{x '^-ix)dx = -Ch.k-2,w{l)- 

^ JGL2(K)(7)\GL2(IR) 

Proof. Since (pk,w vanishes on all elements with negative determinant (cf. the proof of 
Lemma 1.1) and since the trace of ipk^w vanishes on principal series representations (cf. 
Corollary 1.2) the first claim is immediate. We therefore assume that 7 is R-elliptic and 
det7 > 0. We first prove the statement of the Lemma in the case SL2 (cf. equation (3.5) 
below). As above we set G = SL2(M) and G' = SU2(C). For any 7' € G' there is an 
M-elliptic element 7 in G such that 7 and 7' share the same characteristic polynomial. The 
assignment {7'} i-> {7} defines a bijection between the set of conjugacy classes in G' and the 
set of R-elliptic conjugacy classes in G. Any maximal torus in G' is conjugate to T'. Similar, 



13 



any non-split torus in G is conjugate to T = S02(]R). Wc denote by (L^, V^) the restriction 
of the irreducible representation (L^, V^) of SL2(C) of highest weight to SU2(C) (7 the 
fundamental root) and we denote by ch^ the character of L^, hence, ch'^ = ch.k\G'- By 
Weyl's unitarian trick any irreducible representation of SU2(C) is of the form (L'^, V^') for 

some k. We set 

Xk = -chfc_2, k>2 

(here, " ~ " denotes the complex conjugation). SU2(C) is a compact group and the orthog- 
onality relations imply for all m > 



. / \ { — measSU2(C) m = k — 2 
*^^-^^'=) = l else. 



Comparing with Lemma 1.1 we obtain 

(3.1) mcasSU2(C) tiDmi^k) = -tv L'^_2iXk) 

for all k, m, > 2. Since ip^ vanishes on hyperbolic elements and since there is only one 
conjugacy class of non-split tori in G we obtain using Weyl's integration formula (cf. [Kn], 
Proposition 5.27, p. 141) 

iiDmi^k) = 1/2 D{t)chD^{t) OG{Vk,t)dt. 

Quite analogous, Weyl's integration formula in the compact case (cf. [Kn], Theorem 4.45, 
p. 104) yields 

trL:„(Xfc) = l/2 / D{t)cW^{t)OG'iXk,t)d't. 

JT' 

Hence, using (3.1) we deduce that 

(3.2) measSU2(C) / D{t) chD^{t)OG{^k,t) dt = - f D{t) cW^.^it) OG'{Xk,t) d't 

JT JT' 

for all k,m>2. Lemma 1.1 implies that ch.D^{t) = — ch^_2(i) for all t G SL2(M). Moreover, 

if the conjugacy classes of t € SL2(M) and t' € SU2(C) correspond to each other, i.e. t and t' 
share the same characteristic polynomial, we know that chm(i) = ch^(t') = ch^(i'); hence, 
we obtain 

(3.3) choAt) = -ch'^-2it')- 
Together with equation (3.2) we obtain for all m > 2 

;SU2(C) / D{t)cW^_2{t')OG{^k,t)dt= f D{t)di'^_-,{t)OG'{xk,t)d't. 

JT JT' 



meas ; 



For any t G T there is t' G T' such that t and t' share the same characteristic polynomial 
and the assignment t t' defines a bijection T -f^ T'. Hence, Lemma 5.2.1 in [Ca] applied 
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to G' (note that there is only one conjugacy class of tori in G' represented by T') then 
implies for alH G T that 

(3.4) OG'{Xk,t') = measSU2(C)OG(</^fe,0- 

Since characters are class functions we obtain for all t' G T' 

, /^ /" —n — / 1 / N . meas SU2(C) -r-T — , „ 

Oo'iXk. t') = / -cW^_^{x-H'x) dx = 1^ ch;_2(t'). 

Jt'\G' nieas i 

Hence, taking into account the normahzation of measures we obtain using equation (3.4) 



(3.5) OG{^k,t) = -cK-2it') = -chfc_2(i). 

Let now 7 € GL2(M) be M-eUiptic with positive determinant. We write 7 = diag(2;, 2)70 with 
z G and 70 G SL2(M). Since 70 is M-elliptic it is conjugate to an element t G S02(M). 
Since GL2(M)(7) = SL2(M)±(7)Z0 we obtain 

/ ^k,w{x~^ix)dx= I (pk,w{x~^'yx)dx. 

./GL2(M)(7)\GL2(K) JsL2(R)±(7)\SL2(R)± 

Since SL2(M)^(t) = S02(M) for all regular t G S02(M) and since 70 is conjugate to an 
element t G S02(M) we deduce that SL2(M)=^(7) is conjugate to SL2(M)=^(i) = SL2 
and we obtain 

SL2(R)±(7) = SL2(M)(7). 

We deduce that 

SL2(M)^(7)\SL2(M)± = SL2(M)(7)\SL2(M) UiSL2(M)(j-Sj)\SL2(M). 
Using the this decomposition we obtain 

/ (pk,wix~^'yx)dx 

./SL2(IR)±(7)\SL2(IR)± 

/ ipk,wix~^^x) dx + / (pk,w{x~'^j~^-fjx)dx 

.7 SL2 (M) (7) \SL 2 (M) J SL2 (R) 0- 1 7i )\SL2 (K) 

/ ipk{x~^'yox) dx + z"^ / (pk{x~^j~^'yojx)dx 

./SLofMK7)\SL2m) ./SLofMK7-i7?)\SL2(M) 



'SL2(IR)±(7)\SL2 

/ 

'SL2(M)(7)\SL2(M) ^SL2(R)0-i7i)\SL2 

/ ipk{x~^'yox)dx + z"^ I 

'SL2(M)(7)\SL2(IR) ./SL2{M)0-i7j)\SL2 

(note that (/Pfe,^ and (pk coincide on SL2(M)). Using equation (3.5) this yields 



z^ 



/ ^k,w{x ^-^x)dx = -z'"chfe_2(7o) - 2:"'chfe_2(j ^Joj) 

./SL2(]R)±(7)\SL2(M)± 

= -Ch.k-2,w{'l) - ch.k-2,w{r^lj)- 

= -2ch.k-2,w{l)- 
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(note that chfc_2,ui is constant on conjugacy classes). Since Lk^w is defined over Q and 
7 G GL2(M) we know that chfe_2,^(7) = c^k-2,w^) = clife-2,w(7)- This completes the proof 
of the Lemma. 

We set (Lk,Vk) = ^veSooi^kvy^kv)^ hence, Lk is a representation of GL2(M)I'^°°I and we 
denote by 

chk= n 

veSoo 

its the character. Using the identifications from section 1.1, we say that 7 G G{F) is totally 
elfiptic if iv{j) G G{Fy) is M-elliptic for all v G S^o and totally positive if deti^(7) > for 
all V G Soo We embed 

Zoo : G{F) Goo := H ^(^'')' 
veSoo 

by 7 !->■ {iv{l))veSoo- immediate consequence of Lemma 3.5 is 

Corollary 3.6. 1.) Let 7 G G{F). If ^ is totally elliptic and totally positive then 

JGoo{i)/Goo 

where k — 2 = {k^ — 2)^g5^ . Otherwise, the above integral vanishes. 

2.) In particular, Ik^wil) is algebraic, i.e. for all a G Aut(C/Q) and all 7 G G{F) we have 
Proof. 1.) We compute using equation (1.1) and the Remark in section 1.1 

/ 0]<:,w{x~^ioo{l)x) dx = TT / 0k^,w,v{^~^^v{l)x)dx 

^Goc(ioc(7))\Goo ^^s^ ^G(F„)(i„(7))\G(F„) 

= n/ ^krvo,W,TVo{x~^iTVo{7)x)dx {v = TVq) 

reg JG{F^.^){i^^^ (7))\G(F..o ) 

= 17/ (fk y,{x~'^T{j)x) dx (Remark in sec. 1. 

^gg,iGL2(M)(r(7))\GL2(IR) 

= Ylchk,vo,wiT{7)) (Lemma 3.5) 
red 

= Yl^^^krvoA'^rvoil)) (eq- (1-1)) 
= chk,^(7). 



2.) Since the representation Lk,w is defined over Q, i.e. a L^^wid) = Lk,w{'^9) for 9 € GL2(C) 
we obtain c7trLk,TO(7) = ti Lai^yji^j) Together with part 1.) this implies the claim and the 
Corollary is proven. 
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We give the Proof of Lemma 3. 2. 

Algebraicity 0/ Jcii,k,ty We write Goo (7) resp. r(7) the centralizcr of 7 in Gqq — 
riijeSoo ^i-^v) resp. in F. We also denote by {GF,cll}r the set of F-conjugacy classes in 
Gp^Qii and by {7}r the F-conjugacy class of 7 € GF,eii- Strong approximation for GL2 
implies that there is a finite set V C G{Af) such that 

We denote by K the image of K in G(A/) and by F^ = {7 G G{F) : ^"^7^ G i^}, ^ G V, 
the arithmetic subgroup of Goo corresponding to K. Since the assignment 



7eG'F,ell 

defines a function on G(A), which is left G{F) and right K-invariant we obtain 

Jg{f)\g{a) 



= voi(K)^/" _ Yl ^ir'iO'PKUx-'ix) 



dx 



4 7eGF,ell 



vol(iv:) V V (^(C So / '^k,«;(a; V S'?"a;)cia; 



vol(iv:) V V So / . '^k.w^la; Sa;)c^a; 

£ M air \ J^d^)\G. 

^ i7|rjG{GF,eii}r^ 



= vol(i^)5^ measGoo(7)/r^(7) ^(rSO / Vk,u>{x ix)dx. 

e s^,\ asn \ JGoo{'y)\Goo 
^ i7)rjG{GF,en>rj 

Since Goo(7) = HveSoo^^^'"^^^^ conjugate to PS02,oo = nt;e5oo -"^^^^ W and taking 
into account the natural bijection Goo(7)\Goo = Goo(7)\Goo we obtain 

Jeii,k,«,(<^) = voi(i^ X pso2,oo) Yl E ire(7)r' <^(rSo 4,«,(7)- 

^ {7}rje{GF,eii}rj 

Using Corollary 3.6 the above equation immediately implies that Jcii,k,w) is algebraic. 

Algebraicity 0/ Je,k,«)- The Plancherel Theorem for SL2(M) (cf. [Kn], Theorem 11.6, p. 
401) together with Lemma 1.1 yields 

1 k — 1 

'Pkvif^) = ^ ~ l)traceL>fe^((^feJ = ""^^ , 
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hence, 



/ 1 \ [i- m 



On the other hand, we set Kmax = Hij^Soo G{Oy) and we normahze the Haar mea- 
sure dgj on G{Af) such that meas^max x PS02,oo = 1- Since meas (G(F)\G(A)) = 
meas(G(F)\G(A)/PS02,ooi^max) and since G(F)\G'(A)/PS02,ooi^max is a finite union of 
spaces of the form r\'H'*, which have volume c(27r)['^''^], where c G Q (cf. [Fr], section 2.5, 
Proposition 5.1 and [Hi], section 2.7, Corollary 1, p. 71), we obtain 

^ ^ 'P]<i,w{e) = (p{e) c ]J(fc^-l). 

Since c G Q this clearly implies that Je,k,«) is algebraic and completes the proof of Lemma 
3.2. 



3.3. Variants of the proof. 

• The Kazhdan- Flicker trace formula. We denote by n^^^'^(a;, K) the set of all representa- 
tions occuring in LQ{u,k)^ , which are cuspidal at at least one finite place. We fix a finite 
place u and a cuspidal ireducible representation p of G„ and we denote by 'Hf{p,ujf,K) the 
set of all = ®v(^Soo'-Pv £ 'Hf^iOf.K) such that ip^ equals a matrix coefficient of p. Hence, 
if is discrete and cuspidal in the sense of [F-K], p. 191. The assignment ip i-^'^ ip defines a 
map 

Proposition 3.7. Assume that for all finite places u, all cuspidal representations p of Gu, 
all if e 'Hf{p,uj,K) and all a G Aut(C/Q) 

(3.7) a tr ^\Ll{uj,k)K = tr ''^\Ll{^^,'rk)K . 

Then conjugation defines a map 

More precisely, denote by I[^{lj,K) the set of all representations TTf occuring in LQ{Lo,k)^ 
and satisfying tTu = p; then conjugation defines a map 



We sketch the proof of the second claim following the argument in the proof of Lemma 2.2. 
Let TTf G H^(w, K) and assume that there is no vr' G H<^^('^a;, K) such that '^vr = vr'. Hence, 
for any representation tt' G Ila^{'^u!, K) there is a finite place v ^ u such that °" V(j ^ 7r„. 
Moreover, for any representation ^ G H^(a;, K), ^ ^ tt, there is a finite place v ^ u such that 
T^u ^ Cm- As in the proof of Lemma 2.2 we then construct a function ip = (^veSooVv such 
that - ipu equals a matrix coefficient of p - tr^((^) = for all ( G Il^{u,K), which are not 
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isomorphic to vr - tnr'{ip) = for all tt' G U^^^C^co, K) - tr7r((^) 7^ 0. This then contradicts 
our assumption (3.7) and proves the Proposition. 

Since ip € 7if{p,ujf, K) is discrete and cuspidal in the sense of [F-K], p. 191, we can apply 
the Kazhdan-Flicker simple trace formula, which yields 

tr (g) (f>k,w\Ll(oj,-k) = Jell,k,«) (</')• 

Thus, the distribution Je,k,«) does not appear and we do not have to use the Plancherel 
Theorem. Moreover, the proof of the Kazhdan-Flicker simple trace formula is elementary 
compared to the proof of the Selberg trace formula. 

• The simple trace formula. If F/Q is a totally real field of degree > 2 then we can apply 

the simple trace formula to any element (p (8) (fiu^w with (p G 7if{ujf, K) arbitrary, because 
the hyperbolic orbital integrals vanish for (pk.^^wi v € Soo and |S'oo| > 2, i.e. we do not have 
to assume that ip is elliptic at one place. In particular, unlike in the proof of Proposition 2.1 
(and Lemma 2.2) we do not need the Multiplicity 1 Theorem (we need not fix an auxiliary 
place u). 

• The Selberg trace formula. We can also try to establish (0.2) by using the (full) Selberg 
trace formula. In this case we do not have to use Multiplicity 1 even in the case F = Q. 
On the other hand the geometric side is more complicated: we have to prove algebraic- 
ity for distributions attached to unipotent and hyperbolic conjugacy classes and also for 
distributions attached to Eisenstein series. 
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